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SUMMARIES 
Combinatorics has been rather neglected by his- 
torians of mathematics. Yet there are good reasons 
for studying the origins of the subject, since it is 
a kind of mathematical subculture, not exactly paral- 
lel in its development with the great disciplines of 
arithmetic, algebra, and geometry. This article is 
concerned, not with the recent history of the subject, 
but with its roots, before it became an identifiable 
branch of mathematics with its own definitions and 
theorems. Roughly speaking, this means that the peri- 
od under discussion ends around 1650 A.D. 
L'analyse combinatoire a requ peu d'attention de 
la part des historiens des math&matiques. Mais il y 
a de bonnes raisons pour etudier les oriqines du sujet, 
parce que c'est une espece de sous-culture mathgmatique, 
pas exactement parallele en developpement aux trois 
qrandes disciplines, l'arithmetique, l'alqebre, et la 
q&om&rie. Cet article ne s'occupe pas de l'histoire 
r&ente du sujet, mais plutot des ses racines, avant 
qu'il soit devenu une branche identifiable des math& 
matiques, avec les definitions et les th$oremes par- 
ticulibres 2 elle-m&me. Cela veut dire que la peri- 
ode dont il s'aqit ici se termine vers l'annge 1650 
A.D. 
1. COUNTING 
There are two simple counting principles which underlie 
most of arithmetic, and which may also be regarded as the founda- 
tion stones of combinatorics. In modern notation, these principles 
state that if A and B are disjoint finite sets, then 
IA U ~1 = /A/ + 1~1 and IA x RI = IA\ l 1~1. 
(Here 1~1 denotes the number of members of A, lJ denotes the 
union, and x denotes the Cartesian product.) The first principle 
in its most down-to-earth form, says that if we wish to count 
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a set of objects, we may split it into two parts, count the 
parts separately, and add the results. The logical status 
of this rule (whether it is a definition or a theorem) need 
not concern us here; it .is clearly a fact of-everyday 
experience, accepted as such for many thousands of years. 
Indeed, it is so well known that only in recent times has it 
been thought worthy of a formal status. 
Because such rules have been commonly regarded as self- 
evident, we do not expect to find them mentioned explicitly, 
and we cannot therefore trace their "history." We can, however, 
seek for examples of their use. In some instances the examples 
are so memorable that they have persisted, with little change, 
for long periods of time. Indeed, there is one very famous 
puzzle which seems to have survived in different ages and 
cultures, and it will serve to introduce the field of combina- 
torial problems. 
A popular nursery rhyme relates: 
As I was going to St. Ives, 
I met a man with seven wives, 
Each wife had seven sacks, 
Each sack had seven cats, 
Each cat had seven kits, 
Kits, cats, sacks and wives, 
How many were going to St. Ives? 
This riddle may be found in such weighty volumes as the Oxford 
Dictionary of Quotations [1953, 3661 and in contemporary 
children's books [Ladybird Books 1967,481. According to the 
first reference, it dates from 1730, at least. Now the riddle 
is usually interpreted as a trick: since the narrator was going 
to St. Ives, the others were presumably going in the opposite 
direction, and the answer is "none." (If the question applies 
to the narrator, the answer is "one.") However, one might 
surmise that the complicated framework of the problem had 
originally served some more serious purpose. Perhaps the 
rhyme was a parody of a standard kind of meaningless arithmetica 
exercise. Such speculation is supported by the occurrence 
of a remarkably similar problem in the Liber Abaci, written by 
Leonardo of Pisa (Fibonacci) in 1202. Fibonacci's problem 
[Boncampagni 1857, 3111 may be translated as follows: 
Seven old women are going to Rome; each of them has 
seven mules; each mule carries seven sacks: each 
sack contains seven loaves; each loaf has seven knives: 
and each knife has seven sheaths. What is the total 
number of things? 
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It would be difficult to deny the possibility of a link 
between Fibonacci's problem and the nursery rhyme, especially 
since it is known that versions of the Liber Abaci were widely 
used for several centuries. The link would be much strengthened 
if one could point to a similar problem in an early printed book, 
perhaps of the 16th century. (For a version current in 17th 
century Russia, see [Yushkevich 1968, 361.) The rather 
artificial aspects of the problem, involving the addition of 
heterogeneous objects and the repetition of the number 7, seem 
to reinforce its memorability. 
Thus far, the story would be merely a curiosity. What 
makes it truly remarkable is the possibility that the problem 
may well be 3000 years older than Fibonacci. One of the oldest 
surviving mathematical manuscripts is the Rhind papyrus 
[Peet 19231 of about 1650 B.C. Problem 79 therein appears to 
deal with the summation of a series of powers of 7, and 
alongside the numbers the scribe has drawn some hieroglyphs, 
which may be roughly translated as follows: 
Houses 7 
Cats 49 
Mice 343 
Wheat 2401 
Hekat 16807 
19607. 
The Rhind papyrus came to light in 1858, and the interpretation 
of Problem 79 remained an enigma for some years until Leon 
Rodet [1881] noticed the similarity to Fibonacci's problem 
and suggested the following interpretation. There are seven 
houses, each with seven cats; each cat kills seven mice; each 
mouse would have eaten seven heads of wheat, each of which 
would have produced seven hekat measures of grain. 
Of course, we shall never be able to prove that Rodet's 
interpretation is the correct one, or that the problem was 
somehow handed down through the centuries to Fibonacci, and 
thence became a modern nursery rhyme. But the very 
existence of such similar.problems has some noteworthy 
implications. First, the basic rules for counting have been 
taken for granted since the early civilisations. Furthermore, 
the application of these rules has been emphasised by means of 
apparently nonsensical examples, possessing the elusive 
quality of memorability. The same conclusions may be drawn 
from other aspects of early combinatorics, to be discussed 
in the following sections. 
2. PERMUTATIONS AND COMBINATIONS 
The study of the arrangements and subsets of a given set 
of objects is commonly known by the vague name of Permutations 
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and Combinations. Clearly, there is a difficulty about 
terminology. The words "permutation" and "combination" have 
acquired precise mathematical meanings, but such precision 
is not observed in vernacular use. The difficulty is compounded, 
in historical studies, by the fact that translators of ancient 
works tend to use the vague and random meanings, rather than 
the mathematical ones. Thus, it must be borne in mind that 
a work which appears to deal with Permutations and Combina- 
tions may, in fact, deal with neither, or one, or both, of 
these topics. 
One of the simplest aspects of the subject is the enumera- 
tion of the strings of r symbols, each of which can be one of 
a given set of n symbols. In mathematical terminology, these 
are the combinations with repetition, or simply, the functions 
(from the set of r positions to the set of n available symbols). 
Application of the multiplicative counting rule shows that 
there are nr such strings. As one might expect, instances of 
this fact may be found in the writings of ancient civilisations. 
Perhaps the earliest example occurs in the famous Chinese 
Book of Changes, or I Ching. This seems to be a compilation 
of material, some of which dates from the 7th century B.C. 
It had its origins in sayings and beliefs about omens for 
the weather and other basic features of peasant life, whence 
it grew into a systematic set of rules for the investigation, 
prediction, and explanation of almost everything. A very 
great deal of nonsense has been written about the I Ching, 
and in recent years the book has attracted a cult following 
in the West. However, we have it on the authority of Joseph 
Needham [19X, 3041 that adherence to the pseudo-explanations 
of the I Ching had a retarding effect on Chinese science over 
a very long period. 
The system of the I Ching was based upon two symbols, the 
Yang (-) and the Yin (--). These were combined into trigrams 
(strings of three symbols) and hexagrams (strings of six 
symbols). There are 23 = 8 trigrams and Z6 = 64 hexagrams, 
and in describing them the ancient Chinese verified the 
n r rule for combinations with repetition. Apart from this, the 
only relevance of the I Ching for the history of Combinatorics 
concerns the question of the ordering of the hexagrams. It 
would be significant if the Chinese had adopted a systematic 
ordering of the 64 hexagrams, corresponding to some combina- 
torial problem studied by modern mathematicians. In fact, 
the standard ordering, given in the oldest versions of the 
text, seems to have no such significance, although it does 
exhibit some symmetry. But there is an alternative ordering 
[Needham 1956, 2761, dating only from the 11th century, which 
is very familiar. If the Yang is taken to represent 1, and 
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the Yin to represent 0, then the later ordering corresponds 
exactly to the numerical order of the numbers from 0 to 63 
in their binary representations. There is no evidence that the 
Chinese interpreted the hexagrams as numbers in this way, and 
so it cannot be claimed that they had used the binary system 
before it was discovered by Leibniz and others. However, when 
Leibniz himself learnt about hexagrams, he gained the mistaken 
impression that the binary ordering was the one used in the 
I thing from the earliest times [Needham 1956, 340-3431. As 
a result, he credited the ancient Chinese with priority 
in the discovery of binary arithmetic [Leibniz 17031. 
There is other evidence of an interest in combinatorial 
calculations among the ancient Chinese. However, as Needham 
[1959, 1411 says, further research is needed. He gives one 
instance of the rule for combinations with repetition, 
associated with an 8th century monk, but the association is 
rather vague [1959, 1391. The problem concerned the number 
of possible situations in a certain board game, apparently 
similar to Go. In the game, each of the 361 positions on a 
grid could be occupied by a white or a black counter, or it 
could be unoccupied; thus, the total number of possibilities 
is 3361 . 
The subject of magic squares, perhaps the most well- 
known Chinese contribution to this field, will be discussed 
in a later section. 
In any discussion of the antiquity of combinatorial calcula 
tions, the contribution of the ancient Greeks must be assessed. 
The assessment is remarkably negative. There are very few 
relevant remarks in the whole of extant Greek literature, and 
the most interesting of them is also the most mysterious. 
The passage occurs in Plutarch's Quaestiones Conviviales 
(Table-Talk) and it is as follows: 
Chrysippus says that the number of compound 
propositions that can be made from only ten simple 
propositions exceeds a million. (Hipparchus, to 
be sure, refuted this by showing that on the affirma- 
tive side there are 103,049 compound statements, and 
on the negative side 310,952.) Xenocrates asserted 
that the number of syllables which the letters will 
make in combination is 1,002,000,000,000. 
[Minar 1961, 1951 
Since the exact terms of the problems are not stated, it is 
difficult to interpret the numerical answers, or to infer 
what knowledge of combinatorial principles might be needed to 
obtain them. In the last century logicians once again became 
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interested in the number of compound propositions which can 
be formed from n simple ones, and they concluded that the answer 
is 2 2n [Schrtrder 18901. If the problem studied by Chrysippus 
was the same, then he was right and Hipparchus wrong, since 
2210 is much greater than one million. 
The lack of any other significant reference to such 
calculations points to the conclusion that the Greeks took no 
interest in these matters. It has been suggested that their 
cumbersome notation held them back, but that argument ignores 
their considerable contributions to number theory, an area 
where numerical calculations are equally important. The true 
reason may lie deep in the nature of Greek philosophy and 
culture--or it may be simply an historical accident. 
Those who followed the Greeks in scholarship seem to have 
followed them also in their disregard for combinatorial problems. 
In the writings of Boethius (6th century A.D.) there is a passage 
which indicates that he knew the rule for finding the number 
of combinations (without repetition) of n things taken two at 
a time [Migne 18471. Yet the rule does not appear in the 
mathematical writings of Boethius, although the numbers given 
by his rule are just the triangular numbers, which he does 
discuss at some length. 
In view of the almost total absence of relevant material 
in classical Greek and Latin literature, we must look else- 
where for the source of basic combinatorial lore. The 
Chinese may have a claim, but the available evidence seems to 
indicate that the main stimulus came from another Eastern 
people--the Hindus. 
It seems that, from a very early time, the Hindus became 
accustomed to considering questions involving permutations and 
combinations. A typical example occurs in the medical 
treatise of Susruta, which may be as old as the 6th century 
B.C., although it is difficult to date with any certainty. 
In Chapter LX111 of an English translation [Bishnagratna 19631 
we find a discussion of the various kinds of taste which can 
be made by combining six basic qualities: sweet, acid, saline, 
pungent, bitter, and astringent. There is a systematic 
list of combinations: six taken separately, fifteen in twos, 
twenty in threes, fifteen in fours, six in fives, and one 
taken all together. Other examples occur in the work of the 
Jainas (2nd century B.C.), where there are discussions involving 
the combinations of philosophical categories, of senses, and 
of males, females, and eunuchs [Chakravarti 19321. Another 
instance appears in the writings of Pingala (ca. 200 B.C.), 
concerning the metrical rhythms which can be constructed from 
a given number of long and short syllables; this will be 
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discussed in a later section. There is no evidence that the 
results of this period were obtained by any means other 
than direct listing of the possibilities, but it does seem that 
the concepts involved were common knowledge among Hindu 
scholars. 
The evolution of rules for finding numerical answers to 
combinatorial problems, without having to list all the cases, 
seems to have taken place gradually over a long period. In 
addition to the nr rule for combinations with repetition 
(discussed above), there are two other basic formulae. First, 
the number of combinations without repetition (often called 
simply combinations) of n things taken r at a time is given by 
the formula 
n 
I) 
= n(n-1) l a* (n-r+l) 
r r(r-1) l ** 1 * 
In modern terminology, this is the number of subsets of size 
r which can be formed from a set of n things. The second rule 
states that the number of permutations of a set of n objects 
is 
n! = n(n-1) l ** 2*1; 
this is just the number of one-to-one correspondences of the 
set with itself. The lists compiled by Susruta, quoted above, 
amount to an empirical verification of the results 
6.5 6 6.5~4 
= -= = 2-l 15, 0 3 m= 20, 
and so on. 
There is some reason to believe that the formula for the 
number of combinations was already known to the Hindus in the 
6th century A.D. The evidence for this comes from the Brhat- 
samhita of Varahamihira, which contains many interesting insights 
into the Hindu culture of that time [Shastri 19691. In the 
chapter on perfumes (which has been translated into English 
by Kern [1875, 1101) there are some calculations concerning 
the number of perfumes which can be made by taking any four 
of sixteen given ingredients and mixing them in various propor- 
tions. The text states that, when the four ingredients have 
been chosen, there are 96 ways of mixing them; it is not clear 
what is meant by this, since the rules for fixing the allowable 
proportions are obscure, and the text may have been garbled. 
Much more important is the fact that there is a plain and 
simple statement that the number of ways of choosing the 
four ingredients from the sixteen possibilities is 1820. This 
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is the correct number. It seems unlikely that Varahamihira 
obtained his answer by listing all the cases, since the result 
is given without comment, and a list of that length might 
be thought to require some comment. Thus, we have the possibility 
that the answer was obtained by direct use of the formula. 
The writings of Brahmagupta (ca. 628 A.D.) should throw 
more light on the state of Hindu knowledge around this time. 
Unfortunately, the chapters most relevant to combinatorics 
have not been translated into English. In contrast, we are 
indeed fortunate to have a reliable translation of the 
relevant parts of the Lilavati, written by the great Indian 
mathematician Bhaskara around 1150; this was done by H.T. 
Colebrook [1817]. There are two very significant passages. 
The first one is in Chapter IV (No. 114): 
Example: In a pleasant spacious and elegant edifice, 
with eight doors, constructed by a skilful architect 
for the Lord of the land, tell me the [combinations] 
of apertures taken one, two, three, etc. Say mathe- 
matician, how many are the combinations in one composi- 
tion, with ingredients of six different tastes, 
sweet, pungent, astringent, sour, salt and bitter, 
taking them by ones, twos, or threes, etc. 
Statement [Ist example] : 
87654321 
12 3 4 5 6 7 8, 
Answer: the number of ways in which the doors may 
be opened by ones, twos, threes, etc. is 
8 28 56 70 56 28 8 1 
12 3 4 5 6 7 8. 
And the changes on the apertures of the octagon 
palace amount to 255. 
Statement [Znd example]: 
654321 
12 3 4 5 6. 
Answer: the number of various preparations with 
ingredients of divers tastes is 
6 15 20 15 6 1 
12 3 4 5 6. 
This is fairly conclusive evidence that Bhaskara was familiar 
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with the formula giving the numbers of combinations. It is 
interesting to see that Bhaskara's second example is concerned 
with Susruta's taste combinations and to compare the brief 
solution given here with the lengthy lists of Susruta. 
In another part of the Lilavati (Chapter XIII, NO 267) we 
find the n! rule for permutations: "The product of multiplica- 
tion of the arithmetical series beginning and increasing by 
unity and continued to the number of places, will be the 
variations of number with specific figures." One of the examples 
given (No. 269) is as follows: 
Example: How many are the variations of form of the 
god Sambhu by the exchange of his ten attributes held 
reciprocally in his several hands: namely the rope, 
the elephant's hook, the serpent, the tabor, the skull, 
the trident, the bedstead, the dagger, the arrow, and 
the bow: as those of Hari by the exchange of the 
mace, the discus, the lotus and the conch? 
Statement: Number of places 10. In the same mode as 
above shown, the variations of form are found [to be] 
3628800. So the variations of form of Hari are 24. 
The study of ancient Hindu texts is a notoriously difficult 
subject. In many cases it is not possible to assign firm dates 
or to separate the original text from later commentaries and 
embellishments. Some modern Indian historians have made 
exaggerated claims for the priority of the ancient Hindus 
in developing parts of higher mathematics. However, in the 
field of combinatorics, the balance of the evidence does 
point to the conclusion that the Hindus were the source. The 
concepts involved seem to have been an integral part of their 
culture, so that the mathematical development was gradual, 
but inevitable. 
Following the conquest of parts of India by the forces 
of Islam (in the 7th century A.D.), the achievements of the 
Hindu mathematicians began to filter westward. The Arabs 
themselves became interested in the arts and sciences, and 
they were fortunate in being able to combine the oriental 
wisdom of the Hindus with the legacy of the classical Greeks. 
In many areas of mathematics the two sources were of comparable 
importance, but in combinatorial mathematics the Oriental 
contribution was paramount. 
The scholars of Islam were not merely collectors of 
ancient knowledge. They made many significant original contribu- 
tions to science, some of them in the realm of combinatorics. 
Their work on magic squares and on the binomial theorem will 
be discussed in later sections. With regard to simple 
combinatorial principles, the Arabs seem to have acquired the 
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techniques used by the Hindus and applied them in similar 
ways. An interesting example occurs in the work of al-Halil 
Ibn-Ahmad, as described by Rashed [1974b]. Halil considered 
the possible arrangements of letters in the formation of 
syllables, and his calculations show that he understood the 
basic formulae for finding numbers of permutations and 
combinations. 
From the 12th century onward, calculations involving the 
formula for combinations without repetition began to appear 
in a variety of languages and in a variety of contexts. 
The Jewish scholar Rabbi ben Ezra (ca. 1140) discussed the 
possible conjunctions of the planets and seems to have used 
the general rule without stating it explicitly [Ginsburg 19231. 
(There is some evidence of an interest in permutations and 
combinations in earlier rabbinic literature [Rabinovitch 19701.) 
Levi ben Gerson (1321) stated the rule in words [Sarton 1947, 
5971. Possibly the first expression of the formula in modern 
notation and in full generality occurs in the cursus 
Mathematicus of Herigonus [1634]. However, throughout this 
period the story is complicated by the fact that the numbers 
given by the formula arise in another context--as the coefficients 
in the binomial expansion. There is also an alternative method 
of calculating them, using the recursive formula 
which leads to an array known as the arithmetical triangle. 
These matters will be discussed in Section 6. 
3. MAGIC SQUARES 
We shall use the term magic square (of order n) to 
signify an arrangement of the numbers 1, 2, 3, . . . . n2 in an 
n x n square array, in such a way that each row, each column, 
and each main diagonal has the same sum, +n(n 2 + 1). 
There is little doubt that the first recorded example of 
a magic square is the Lo Shu diagram of theyancientchinese. 
This was a pictorial representation [Needham 1959, 571 of 
the square 
4 9 2 
3 5 7 
8 1 6. 
Allusions to some mysterious writing of this kind go back to 
the legendary period of Chinese history, but the first unmistak- 
able reference to the Lo Shu as a magic square occurs in the 
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1st century A.D. [Needham 1959, 581. The diagram is associa- 
ted with the nine halls of a mythical palace (Ming Thang) where, 
it was said, various rites were performed. A slightly 
later reference [Needham 19591 links the Lo Shu diagram with 
the I thing. 
Because some Western scholars have accepted impossible 
dates for early Chinese works, the discovery of the Lo Shu magic 
square is sometimes said to be as old as 2000 B.C. [Berge 
19711. Although such claims are over-optimistic, there is 
no reason to doubt that the Lo Shu was recognised as a magic 
square by the Chinese scholars in the 1st century, and, 
possibly, a few centuries earlier [Needham 1959, 611. Also, 
it must be said that there is no evidence that any other civilisa 
tion has a prior claim. 
It is not surprising that the Lo Shu square should exert 
a powerful fascination in an age when, to most people, even 
the simplest arithmetic was a matter for amazement. Thus, 
from the beginning, "magic" squares have been associated with 
things magical and mysterious. For many centuries, the 
Chinese themselves seem to have made no attempt to construct 
squares larger than the Lo Shu, presumably because its 
existence was thought to be a mystical phenomenon rather than 
a subject for human curiosity. We shall return to China in 
due course, but historically our path leads westward, to the 
lands of Islam once again. 
It is not known how and when the idea of a magic square 
was transmitted from the Chinese to the Arabs, although Jabir 
Ibn Hayyan (ca. 780 A.D.) is sometimes credited with the 
introduction of the Lo Shu into Islamic culture [Hermelink 
1953, 2001. What is certain is that the Arabs took a great 
interest in magic squares and made important contributions. 
The earliest known examples of squares larger than the simple 
Lo Shu are to be found in the second book of the Encyclopaedia 
compiled (ca. 990) by the group of Arab scholars known as the 
Ikhwan-al-Safa (Brethren of Purity). This was first brought 
to the attention of modern scholars by the translation of 
Dieterici [1865]. In that version squares of order 3, 4, 5, 
and 6 are given, and it is stated that squares of order 7, 8, 
and 9 exist. A more complete version of the Encyclopaedia 
was published in Cairo in 1928, and there squares of all orders 
from 3 to 9 are displayed. The methods of construction are 
rather elementary [Hermelink 19531, and there is no indication 
of any general rule. 
During the next few centuries several works on magic 
squares were written, and rules for constructing squares of 
any given order were evolved. In the work of al-Buni, who died 
in 1225, there are rules for constructing squares of even 
and odd orders using a simple bordering technique [Carra de 
Vaux 19481. The form of the manuscript suggests that al-Buni 
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did not himself discover the methods he describes, and it is 
possible that such methods originated in Persia. Apparently 
a Persian manuscript of this period has survived, although 
it has not been published [Cammann 1960, 1191. This man- 
uscript has been associated by Cammann [1960] with the work 
of the Byzantine Greek, Manuel Moschopoulos, written around 
1315. The manuscript of Moschopoulos is usually regarded as 
the link between the early work on magic squares and the later 
European treatments of the subject. It gives general rules 
for squares of odd order and for those whose order is divisible 
by 4. 
Although the details of the development of the theory in 
the Near and Middle East are not complete, the general picture 
is clear. Methods of constructing squares of any given order 
were known, and so the major mathematical problem in the 
field had been solved. In some instances (al-Buni) the 
squares were endowed with mystical properties, but in others 
(Moschopoulos) they were simply objects of mathematical 
interest. 
When the Moschopoulos manuscript was translated into 
French by Tannery [1886], far less was known about the 
history of the subject. Thus Tannery was led to speculate 
that Moschopoulos, who wrote in Greek, might have derived his 
knowledge from an ancient Greek tradition, The overwhelming 
evidence now points to a different source. Nevertheless, 
the unjustified assumption that the classical Western civilisa- 
tiotls must have known about magic squares in some form has 
persisted. A strange case is the so-called "magic square of 
Theon." Theon of Smyrna was a Greek author of the 2nd century 
A.D. whose works were translated into French by J. Dupuis 
in 1892. At one point in the translation there appears the 
array of numerals in their natural order: 
14 7 
2 5 8 
3 6 9. 
This distinctly unmagic square engendered a myth. The 
authoritative and influential work of Sarton [1927, 2721 
asserts that Theon had given "the earliest suggestion of a 
magic square (excepting the Chinese tradition)." Needham 
[1959, 611 accepted that Theon had discussed a magic square. 
It is remarkable that such learned writers should have 
credited a single empty instance with such historical 
significance. If the Greeks or their followers had known about 
magic squares, then it is unthinkable that just one passing 
reference to them should have survived: to be sure, some Greek 
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wisdom has been lost, but magic squares are simply too 
memorable to have disappeared completely. 
Meanwhile, what had the Chinese been doing? The Lo 
Shu had given them an early start in the field, and one might 
expect that they would have produced squares of higher 
order in due course. On this point the evidence is circumstantial. 
The earliest known Chinese work which contains squares of 
order greater than 3 was written by Yang Hui in 1275, by 
which time, as we have seen, the subject had been developed 
elsewhere. Unfortunately, Needham's account of this important 
document is rather misleading, but there are two scholarly papers 
by Cammann [1960, 19621 which carry conviction. Cammann 
makes a detailed study of the squares (of all orders from 3 to 
10) given by Yang Hui, and from this he is able to make some 
important historical inferences. 
There are two major points. First, Yang Hui himself says 
that he is only recording squares which had been discovered 
earlier; this is corroborated by the fact that his remarks show 
a lack of understanding of the methods used to construct them. 
Secondly, several of the squares are of types not found 
elsewhere. In particular, there is a very interesting square 
of order nine: 
31 76 13 36 81 18 29 74 11 
22 40 58 27 45 63 20 38 56 
67 4 49 72 9 54 65 2 47 
30 75 12 32 77 14 34 79 16 
21 39 57 23 41 59 25 43 61 
66 3 48 68 5 50 70 7 52 
35 80 17 28 73 10 33 78 15 
26 44 62 19 37 55 24 42 60 
71 8 53 64 1 46 69 6 51. 
This is a kind of Grand Lo Shu: a 3 x 3 square of 3 x 3 squares, 
all of them based on the Lo Shu pattern. If the number in 
row i and column j of the Lo Shu is L(i,j.J (where the rows and 
columns are labelled 0, 1, Z), then the numbers in the Grand 
Lo Shu are given by 
G(3a + b, 3c + d) = L(a,c) + 9 {L(b,d) - 13 
(a,b,c,d = 0,1,2). 
The overall impression is that, at some period prior to 
1275, the Chinese had advanced in the study of magic squares, 
and that the subject was already dead when Yang Hui wrote his 
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treatise. Thus, it may be that the Chinese have priority 
over the Arabs in the construction of higher order squares; 
but there is, as yet, no firm evidence for this. 
One other claim must be considered, We have seen that 
the Hindus were the source of some basic combinatorial ideas, 
and it might be thought possible that they had taken an interest 
in magic squares. Indeed, it has been suggested that there are 
squares of very great antiquity in India [Singh 1936a]. Some 
of these claims are easily refuted, but the possibility of 
early Hindu work remains. There is a discussion of the subject 
in the Ganita-Kaumudi of Narayana Pandita (1356), but this is 
too late to have any bearing on the question of priority. 
Since the manuscript of Moschopoulos is the first known 
work on magic squares in a Western language, it probably 
played some part in the dissemination of the subject in 
Western Europe. However, there must have been other sources, 
since the Europeans seem to have inherited the Arab view of 
magic squares as objects of mystery, whereas Moschopoulos 
treated them mathematically. Perhaps the most famous of 
the occultists was Henry Cornelius Agrippa (1486-1535)) who 
assigned squares of orders 3, 4, 5, 6, 7, 8, and 9 to the 
astrological “planets”: Saturn, Jupiter, Mars, the Sun, Venus, 
Mercury, and the Moon. He wrote much nonsense, of which the 
following sample will suffice: 
For material1 numbers, and figures can do nothing 
in the mysteries of hid things, but representatively 
by formal1 numbers, and figures, as they are governed, 
and informed by intelligencies, and divine 
numerations, which unite the extremes of the matter, 
and Spirit to the will of the elevated soul, receiving 
through great affection, by the Celestial1 power of 
the operator, a power from God, applyed through the 
soul of the universe, and observations of Celestial1 
constellations, to a matter fit for a form, the 
mediums being disposed by skill, and industry of 
Magicians... [Agrippa 15331 
This kind of pseudomysticism has persisted into the 20th 
century. We still suffer from people who think they have 
found, in the study of magic squares, the clue to the “meaning” 
of Stonehenge , the Great Pyramid, and much else besides 
[Michell 19731. 
In the mathematical study of magic squares, there is 
little that is really significant after the time of al-Buni and 
Moschopoulos . Many different methods of construction were 
proposed, and countless individual squares have been described. 
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The French mathematician Frenicle [1693] found all the 880 
squares of order 4, and at about the same time his countryman 
De La Loub??re [1691] described a simple method of construction 
which he had learned from the people of Siam. It would be 
interesting to know the origin of this method. 
For us, the significance of magic squares is that they 
provide the earliest examples of an important facet of modern 
combinatorics --the study of arrangements satisfying assigned 
conditions. The interplay between numerical constraints and 
geometrical ideas is a fruitful area for research, with 
applications in the design of experiments. In this field, 
there is another old idea which should be mentioned here. 
A Latin square is an arrangement such as 
A B C D 
B C DA 
C DAB 
DAB C. 
in which each letter occurs once in every row and once in 
every column. Single squares of this kind are very easily 
constructed, but it is more difficult to find orthogonal 
pairs, such as 
Aa B$ Cy D6 
By A6 Da CB 
C6 Dy A8 Ba 
DB Ca B6 Au. 
Here there are two juxtaposed Latin squares, denoted by Roman 
and Greek letters, and each of the sixteen ordered pairs, 
Aa, AB, Ay,..., occurs just once. Perhaps the earliest form 
of this problem is the question of arranging the sixteen 
court cards in a square so that each row and column contains 
one Ace, one King, one Queen, and one Jack, and simultaneously, 
one Heart, one Club, one Diamond, and one Spade. In this form, 
the problem is stated in Ozanam's Rdcr6ations Math&matiques 
117231, and a (garbled) solution is given. 
The general problem was brought to prominence by Euler 
[1781]. He noriced that pairs of orthogonal Latin squares 
are useful in the construction of some kinds of magic squares, 
and he was able to find such pairs for certain orders. But 
he was surprised to discover that a 6 x 6 pair was elusive. 
In this particular case, he stated the problem in the form of 
a question about the arrangement of thirty-six officers of 
six different ranks from six different regiments. The 
officers are to be arranged in a square so that each row and 
column contains one of each rank and one from each of the 
124 N.L. Biggs HM6 
six regiments. Euler conjectured that this is impossible, and, 
more generally, that there are no pairs of orthogonal Latin 
squares of order congruent to 2 (mod 4). The special con- 
jecture has been verified, but the general one is false 
(for the details, see D&es and Keedwell [1974]). 
At this point we are entering the realms of modern 
combinatorial theory, and so our account of this aspect 
of the roots of combinatorics must end here. Other problems 
concerning arrangements will be discussed in Section 5. 
4. PARTITIONS 
An r-partition of the positive integer n is a set of r 
positive integers whose sum is n. For example, there are 
just four 3-partitions of 7, and they are 
5+1+1, 4+2+1, 3+3+1, 3+2+2. 
The earliest studies of partitions occur in the realm of 
gambling and games of chance, where several dice are thrown 
simultaneously. The questions which arise in this context 
require several different mathematical techniques for their 
solution: the elements of partitions, combinations, and (most 
important) probability are al 1 needed. There is a fascina- 
ting account of the development of such ideas in David’s book 
on Games, Gods, and Gambling [1962]. Our purpose here is to 
give a brief survey, concentrating 011 those aspects which are 
relevant to combinatorics, rather than to probability theory. 
In archaeological excavations it is not uncommon to find 
hoards of small bones in which the predominant kind is the 
as tragalus, or buckle-bone, of certain animals. (It is 
sometimes, incorrectly, referred to as the heel-bone or 
knuckle-bone.) Quite possibly these bones were collected, 
even in prehistoric times, for use as playthings in games 
like modern “fivestones .‘I We do know for certain that, by the 
time of the ancient Egyptians (from about 3500 B.C.), the 
astragali were used to determine the moves in simple 
board games. There is explicit evidence for this in tomb 
paintings. 
In later Greek and Roman times, the practice of gambling 
on the result of throwing several astragali simultaneously 
was very popular. When an astragalus is thrown, it may fall 
in one of four ways, so that with four astragali (presumed 
identical) there are 35 different (unordered) possibilities. 
It is strange that the scholars of Greece and Rome made 110 
attempt to analyse the results, a fact which reinforces the 
view that they were completely uninterested in the mathematics 
of combinations. The accepted theory was that the result of 
throwing the astragali was a haphazard event, not amenable to 
rational discussion. The same applied to the throws of cubical 
dice, also in common use by that time, despite the fact that 
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a die is clearly more regular in its behaviour than an 
astragalus. Astragali and dice were also used in divination 
and fortune-telling, so that any mathematical theory would 
have been frowned on by the soothsayers, who were very 
influential. It is clear that the concept of equally likely 
events, with the consequent laws of probability, was quite 
unknown at this time. 
Not until the late middle ages do we find any systematic 
study of dice games. A famous example is a Latin poem, 
De Vetula, probably dating from the 13th or 14th centuries. 
A photograph of an old manuscript of this poem appears in 
David’s book (Plates 6,7). The poem lists the number of ways 
that three dice can fall, exhibiting a knowledge of simple 
combinatorial calculations, such as the Hindus might have 
used long before. The point of particular interest to gamblers 
is the number of ways in which a given total (between 3 and 18) 
can be obtained, and the argument is directed toward this 
problem. In out1 ine, the method adopted is as follows. If 
all three dice are equal, there are six partitions (l+l+l, 
2+2+2,. ..,6+6+6); if just two are equal there are thirty, 
since the two equal ones can be chosen in six ways and the 
other in five ways; if all three are different there are twenty 
ways. This yields 56 3-partitions of the numbers from 3 to 18. 
Further, while each of the six partitions with all three 
dice equal can happen in just one way, each of the thirty 
with two equal can happen in three ways, and each of the twenty 
with all different can happen in six ways. Hence there are 
(6 x 1) + (30 x 3) + (20 x 6) = 216 
distinct possibilities. The results are given in a table: 
Total Partitions Throws 
3 18 
4 17 
5 16 
6 15 
7 14 
8 13 
9 12 
10 11 
1 
3 
6 
10 
15 
21 
25 
27. 
It is implicit here that the 216 (=63) throws are equally 
likely, so that the numbers in the final column give the rela- 
tive frequencies of the respective totals. However, it seems 
that the basic ideas underlying the conclusion were not really 
understood in depth. The lack of a clear concept of probability 
meant that the study of games of chance was not yet a part of 
mathematical science. 
Two later writers on dice games were Cardano and Galileo. 
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Cardano’s Liber de Ludo Aleae (Book on Games of Chance) 
was left in manuscript form at his death in 1576, and not 
published until 1667. It has been translated into English 
[Ore 19531. In this work, Cardano calculates probabilities 
in a way which manifests, for the first time, a formal recogni- 
tion of the concept of equally likely events. His calculations 
can be regarded as a mathematical confirmation of the empirical 
facts about dice games, as they had emerged from many centuries 
of experience. Galileo’s manuscript [David 1962, 192-1951 was 
probably written around 1620. Its existence supports the belief 
that, at that time, scholars in general were gaining confidence 
in matters involving combinations, partitions, and probability. 
The main question discussed by Galileo concerns the frequency 
of throwing the totals 9 and 10 with three dice. There are 
six 3-partitions of both numbers, yet it appears in practice 
that 9 occurs less often than 10. Of course, the reason is 
that the 3-partitions of 9 account for only 25 of the 216 
equally likely possibilities, whereas the 3-partitions of 10 
account for 27. All this is carefully explained by Galileo -- 
as, indeed, it had been explained by the writer of De Vetula. 
A major mathematical consequence of the study of dice games 
was the establishment of a theory of probability. As we have 
seen, this was emerging at the end of the 16th century, and 
by the time of Pascal (1650) it had become firmly established. 
On the other hand, the mathematical theory of partitions, which 
might have been stimulated by the problems of gaming, 
seems rather to have stemmed from academic curiosity. Like 
several other branches of mathematics, it began with a remark 
of G.W. Leibniz. In a letter to Johann Bernoulli, dated 
28 July 1699, he said: 
Have you ever considered the number of partitions or 
divulsions of a given number, namely, the number of 
ways it may be broken up into two, three, etc., pieces? 
It seems to me that this is not an easy problem, and 
yet it would be worth knowing. 
[Gerhardt 1850, 6011 
Although Leibniz did not publish much on “divulsions,” 
there are many of his unpublished manuscripts ‘which deal with 
the subject [Knobloch 19741. He seems to have had the germ of 
an idea which was later to be exploited with great success by 
Euler. That is, he noticed that there is a correspondence 
between the partitions, 
and the symmetric functions of degree n, 
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S(x,y, l **, it) = cxayO 0” t? 
(The sum is taken over all permutations of the set (x,y, -*=,t).) 
Leibniz also remarked that the terms which occur in the expansion 
of (x+y+ l ** +g are the monomials aB. 8 x y l *et and he gave 
the correct formula for the coefficients. This is the so-called 
mu1 tinomial theorem. 
Somewhat later, Euler [1741] moulded the ideas sketched 
by Leibniz into a full-fledged theory. Thus, from Euler 
onward, the theory of partitions became an established part of 
mathematics, and no further discussion of it is appropriate 
here. 
5. GAMES AND PUZZLES 
We have already remarked that, in simple terms, there are 
two main aspects of combinatorics: counting and arranging. 
Although the most famous ancient examples of combinatorial 
arrangements are the magic squares, there are other examples 
which, because of their long history, ought to be mentioned 
here. 
First, there are several very old board games which 
involve thinking in vaguely combinatorial terms: Nine-Men’s 
Morris is a good example. Chess is of comparatively recent 
origin, but its ancestors can be traced back to early 
civilisations. Since it is difficult to find explicit 
mathematical principles embodied in the rules for playing such 
games , there is no reason for us to discuss them in detail here. 
The interested reader is referred to the book by Bell [1969] 
for a full account. 
At a slightly more mathematical level, there are many 
varieties of popular puzzles. Although combinatorial puzzles 
of this kind are very common nowadays (for instance, the 
“15-puzzle” and “Instant Insanity”), most of them are fairly 
recent. An exception is the old problem concerning the Wolf, 
Goat, and Cabbages. This is attributed to Alcuin (ca. 775), 
and it may be found in his Propositiones ad Acuendos Juvenes: 
A certain man had to transport to the far side of a 
river a wolf, a goat, and a bundle of cabbages. The 
only boat he could find was one which would carry 
only two of them. For that reason he sought a plan 
which would enable them all to get to the far side 
entirely unhurt. Let him say, who is able, how it 
could be possible to transport them safely? 
[Migne 18601 
Doubts have been expressed as to whether the problem really 
originated with Alcuin [Smith 1958, Vol. 1, 1861. It is 
possible that the collection was put together at a later date, 
and that not all of the problems were due to him. However, 
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even if this is true, the question of the Wolf, Goat, and 
Cabbages is certainly very old. It differs significantly from 
most other mediaeval puzzle-problems, in that it has no arithme- 
tical or geometrical content whatsoever. 
A puzzle which involves both arithmetical and combinatorial 
ideas is the so-called Josephus Problem. One form of it 
relates that fifteen Turks and fifteen Christians were 
aboard a ship floundering in heavy seas, and half of them had 
to be sacrificed. It was decided to choose the victims by 
arranging the thirty people in a circle, and counting round so 
that every fifteenth person was thrown overboard. How could it 
be arranged that all the Christians were saved? (Presumably, 
an alternative version of the question might be appropriate in 
Turkey.) The problem is associated with the Jewish historian 
Josephus (1st century A.D.), since it is said he saved his own 
life by making the right choice in a similar situation. 
There are two fairly lengthy accounts of the history of the 
problem, written by Ahrens [1901, 19131, and also a shorter one 
by Smith [1958, Vol. 2, 541. 
According to the references given, the mathematical form 
of the Josephus problem occurs in manuscripts from the 10th cen- 
tury onward, and in printed books from the 16th century. By 
some strange and unknown route it found its way to Japan in 
the 17th century; some delightful illustrations of Japanese 
versions are given by Smith [1958] and Needham [1959]. The 
latter author points out that, as yet, no mention of the 
problem in China has been discovered. 
Like the problem of the Sevens, with which we began the 
Josephus Problem has a popular legacy in modern times. Before 
a children's street game can begin, it is often necessary to 
select one of the players for a special or unpopular role: the 
chosen one is said to be "it." A standard method of doing this 
is for the children to form a circle and one of them to repeat 
a nonsense rhyme, pointing to the members of the circle in 
time with the words. The last word indicates that the corres- 
ponding child is "not it" and he leaves the circle. The 
rhyme is repeated until only one child remains. The procedure 
is commonly known as "dipping" or "counting-out" [Opie and Opie 
19691. Some interesting comments were made by J.O. Halliwell 
in the 19th century: 
The operation of counting-out is a very important 
mystery in many puerile games. [Halliwell 18491 
Children stand round and are counted one by one, by 
means of this rhyme [Hickory, Dickory, Dock]. The 
child upon whom the last number falls is out, for 
"Hide and Seek," or any other game where a victim 
is required. A cock and bull story of this kind is 
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related of the historian Josephus. [H&lliwell~l843] 
6. THE ARITHMETICAL TRIANGLE 
The evolution of the rule for finding the number of 
combinations of n things, taken r at a time, has been discussed 
in Section 2. The combination numbers n also arise in a 
[I r 
different way, as coefficients in the binomial expansion: 
(a+b)n=an+ 4 a 
(1 
n-l 
b + l * *  + a n-rbr + . . . + bn 
When this expansion is written out in modern notation, the 
relationship between the binomial coefficients and the combina- 
tion numbers is fairly clear. On multiplying the n factors 
a+b, we obtain a term a n-rbr by selecting r of the b-summands 
(and n-r of the a-summands); thus, the number of such terms is 
equal to the number of ways of choosing r things from a set 
of, n things. In older systems of notation the relationship 
is not so clear, and the history of its discovery is rather 
obscure. 
The binomial expansions for n = 2 and n = 3 are probably 
so old that it is impossible to trace their origins; the latter 
case is given quite explicitly in the writings of Brahmagupta 
[Colebrook 1817, 2791. The Hindus were interested in 
methods of extracting nth roots and, for some small values of 
n, they developed methods based on the expansion of the difference 
(a + b)n - an. In the course of their work, they would have 
encountered the binomial coefficients. This conclusion is 
corroborated by a passage in the works of the famous Arab 
poet and mathematician, 'Umar al-Khayyami (Omar Khayyam), 
written about 1100: 
The Hindus had methods for finding the sides of 
squares and cubes, based on a simple set of numbers, 
that is to say the knowledge of the squares of the 
2 2 2 nine digits 1 ,2 ,3 , and so on, together with the 
products formed by multiplying them together, two and 
three at a time. I have written a work which 
establishes the correctness of these methods, and 
I have shown that they do indeed lead to the desired 
conclusion. I have also extended the method to the 
case of fourth, fifth, sixth, . . . roots (as high 
as you please), which had not been done previously. 
The proofs that I have given in this matter are 
purely arithmetical, based on the arithmetic of the 
Elements [of Euclid]. 
[Luckey 1947, 2181 
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‘Umar refers here to a work of his own which has not survived. 
Naturally, there has been much speculation regarding its 
contents. In particular, did it contain the rule for finding 
the binomial coefficients by means of the arithmetical 
triangle? This is the name we shall use for the array 
1 
1 1 
1 2 1 
1 3 3 1 
1 4 6 4 1 
1 5 10 10 5 1 
The array is built up by taking each new number to be the sum 
of the two numbers immediately above it (the empty spaces are 
considered to be filled with zeros). This rule is equivalent 
to the formula 
which has a direct combinatorial proof when the numbers are 
regarded as combination numbers. However, it is as well to 
remember that the identity of the binomial coefficients and 
the combination numbers may not have been apparent to ancient 
scholars. 
The possibility that the arithmetical triangle could have 
arisen in either of two contexts tends to complicate its 
already obscure history. The first claim that we must examine 
is that of Singh [1936b, 6231, who asserts that the arithmetical 
triangle was known to the Hindu scholar Pingala, around 200 
B.C. In the Chandah-Sutra [Sastri 18741, Pingala discussed 
questions about poetic metres, or the ways of combining long 
and short syllables to produce required rhythms. For example, 
from three syllables one may obtain eight different rhythms: 
one with all syllables short, three with one long and two short, 
three with two long and one short, and one with all three 
long. It is quite likely that Pingala obtained this result, 
and others, simply by listing the various cases. Like most 
Hindu works of that period, the Chandah-Sutra is a collection 
of short, cryptic aphorisms, one of which may be roughly 
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translated as "Then the sum total" [Chakravarti]l932. On this 
evidence, it would be rash to credit Pingala with knowledge of 
the arithmetical triangle. However, it seems to be established 
that a later commentator, Halayudha, did know how to construct 
the triangle, and how to use it in questions about combinations. 
So, our problem is: What is the date of Halayudha's commentary? 
If, as Needham states [1959, 1371, it belongs to the 10th centu- 
ry, then it is earlier than any known reference to the arith- 
metical triangle elsewhere. The Hindu name for the method was 
"Meru Prastara " and it is referred to in the works of Narayana 
Pandita (1365)'as a method for solving combinatorial problems 
[Singh 1936b, 6221. The doubts and problems surrounding the 
Meru Prastara and the date of its use in India seem to cry out 
for careful investigation. 
The arithmetical triangle is displayed, and its construc- 
tion is explained, in a Handbook of Arithmetic using Board and 
Dust written by the Arab mathematician and astronomer al-Tusi 
in 1265 [Ahmedev and Rosenfeld 19631. Given the present 
state of knowledge, this must be recorded as the earliest refer- 
ence to the triangle. The author uses the triangle as a tool 
in the extraction of roots, and it is explained as if it were 
an established technique, rather than a new discovery. This 
would be compatible with the remarks of al-Khayyami, quoted 
above, and the belief that he did indeed have some knowledge 
of the method. 
Recently, evidence has been discovered which suggests that 
the arithmetical triangle was known to another Arab mathematician, 
al-Karagi, who lived some years before the time of al-Khayyami. 
The work in which al-Karagi may have developed the method 
is lost, but it is referred to in another treatise by the 
same author [Abarova 19761 and in a later work by the 12th 
century mathematician as-Samaw'al [Rosenfeld 19751. Further 
discussion of the work of al-Karagi may be found in the writings 
of Rashed [1972, 1974a, b]. One should note, however, the 
conflict with the claim of al-Khayyami (in the passage quoted 
above), that he had discovered the method himself. 
There are several later references to the arithmetical 
triangle in Arab texts, most notably in the writings of 
al-Kashi, around 1427 [Luckey 19471. In all these instances, 
the numbers in the array are used in the context of the 
binomial expansion, as part of the technique for finding roots. 
It must have been noticed that the numbers occurring are also 
the combination numbers, but we cannot point to any explicit 
mention of the fact in an Arab work of this period. 
There is yet another thread which must be woven into the 
story of the arithmetical triangle--the Chinese contribution. 
Needham [1959, 1351 gives the triangle as it appeared in a work 
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of Chu Shih-Chieh, dated 1303. Here again, the triangle is 
spoken of as if it were ancient knowledge, and certainly there 
are some slight indications of it in earlier Chinese works 
[Needham 1959, 1371. The Chinese may have derived their 
knowledge from the Hindus or the Arabs, or they may have 
made an independent. discovery, or they may have been the true 
originators of the method. 
As with other aspects of combinatorics, the mathematicians 
of mediaeval Europe followed the path of the Arabs. The 
arithmetical triangle is not found in European works until 
the 16th century, when it appears on the title page of a 
treatise by Apianus [1527], and in Stifel’s Arithmetica 
Integra [1544]. These books, especially the latter, were 
widely known throughout Western Europe. Thus, it can be assumed 
that, from this time on, the arithmetical triangle was common 
knowledge among European mathematicians. The numbers were 
used in the extraction of roots, but the recognition of their 
combinatorial interpretation must have been latent, if not 
explicit. For instance, the Cursus Mathematicus of 
Herigonus [1634] contains the triangle as a tool in the theory 
of binomial expansions, and also the formula for the combina- 
tion numbers. 
Pascal’s famous book on the arithmetical triangle appeared 
in 1654 [Brunschvigg and Boutroux 19081. It cites the work 
of Herigonus, but no other earlier authors. Because of 
this book, the arithmetical triangle has often been known 
as Pascal’s triangle, despite the fact that he was (by 
several centuries) not the first to discuss it. There are many 
important and useful things in Pascal’s book, but, on careful 
examination, very few of them seem to be his own original 
discoveries. The great merit of the book is its clarity. 
Pascal makes it quite plain that the numbers in the arithmetical 
triangle are important, both as the binomial coefficients 
and as the combination numbers. He uses them to great effect 
in questions about gambling, in particular, in the solution 
of the famous “Problem of Points,” which he had obtained in 
the course of correspondence with Fermat. 
It seems appropriate to end this account of the roots of 
combinatorics with Pascal, for his Traitg contains what is 
probably the first recognisably modern treatment of the 
elements of the subject. It was closely followed by the 
Dissertatio de Arte Combinatoria [Gerhardt 18581 of the young 
Leibni z, which, despite its title, is as much a treatise on 
logic and philosophy as on mathematics. From this time forth, 
the “Combinatorial Art” was an accepted branch of learning. 
7. CONCLUSION 
Although the foregoing survey does not claim to be complete 
and final, it does point to some general conclusions. First 
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and foremost, it appears that combinatorial mathematics 
originated in Oriental civilizations, rather than Western 
ones. In particular, the Hindus were accustomed to the idea 
that complex objects and concepts arise from combinations of 
more basic things, and so the mathematical questions occurred 
naturally in their scheme of discovery. It is unfortunate 
that, as we have seen, a final assessment of the Hindu contribu- 
tion must await the outcome of much painstaking research. The 
same comment applies to the Chinese contribution: the 
books of Joseph Needham give us a starting point, not a 
conclusion. 
One other general point may be worth making. Combinatorics 
has often been associated with unusual or unconventional 
aspects of scholarship; the motley combinations of the Hindus 
and the mystical inagic squares of the Chinese and the Arabs 
are good examples of this. In contrast, most of.mathematics 
has been stimulated by problems of unchallenged depth and 
seriousness. However, in recent times the Combinatorial 
Art has found a variety of uses, in both pure and applied 
science, and consequently it has become part of the 
mainstream of modern mathematics. 
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